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Abstract
In this paper, the flow field of a third-grade non-Newtonian fluid in the annulus of rotating concentric
cylinders has been investigated in the presence of magnetic field. For this purpose, the constitutive equation
of such a fluid flow was simplified, and the existence of the solution to the governing equation was estab-
lished using Schauder’s fixed point theorem. Using the finite difference method, the numerical solution of
the non-dimensionalized form of the established governing equation was obtained. The effect of sundry
parameters such as the rotating speed of the cylinders, the physical properties of fluid, and magnetic field
intensity on the fluid velocity field was studied as well.
© 2007 Elsevier Inc. All rights reserved.
Keywords: Third-grade fluid; Schauder’s fixed point theorem; Magnetic field; Ascoli–Arzela theorem; Banach space
1. Introduction
During the past years, generalization of the Navier–Stokes model to highly nonlinear consti-
tutive laws has been proposed and studied (see Refs. [1–3]). However, there is no model which
can lonely predict the behavior of all the non-Newtonian fluids. One of the most conventional
ways to analyze the visco-elastic fluids is using the Rivlin–Ericksen method [4]. In this method
the constitutive equations between stress tensor as a function of symmetric part of the velocity
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els, differential models have special importance and many researchers are faced to equations of
motion of second and third-grade fluids flow [5–7]. Hayat and Kara [8] investigated the cou-
ette time-dependent flow of an incompressible third-grade fluid subjected to a magnetic field of
variable strength analytically. Group theoretic methods were employed to analyze the nonlinear
problem and a solution for the velocity field was obtained analytically. Hayat and Ali [9] studied
incompressible, magnetohydrodynamic (MHD) third-grade fluid confined in a circular cylindri-
cal tube subjected to traveling sinusoidal wave. A variational analysis of a third-grade fluid past
an infinite plate was investigated in [10] considering both fluid and plate in a state of rigid body
rotation. The solution for the flow of a third-grade fluid bounded by two parallel porous plates
was given using homotopy analysis method in [11]. The flow of an incompressible third-grade
fluid over an infinite wall due to a variable shear stress was analyzed in [12] using both the series
and the numerical solutions.
As is seen some investigations have been done on the flow field of a non-Newtonian third-
grade fluid flow in various geometries; however, no study has been devoted to the solution
existence of third-grade fluid flow in the annulus of rotating concentric cylinders in the pres-
ence of magnetic field.
The Cauchy stress tensor, T , of an incompressible homogeneous fluid of third-grade has the
form [7]:
T¯ = −P I¯ + μA¯1 + R1A¯2 + R2A¯21 + β1A¯3 + β2[A¯1A¯2 + A¯2A¯1] + β
(
tr A¯21
)
A¯1 (1.1)
where A¯1, A¯2, and A¯3 are the Rivlin–Ericksen tensors which may be defined as
A¯1 = (grad V¯ ) + (grad V¯ )t , (1.2a)
A¯n = dA¯n−1/dt + A¯n−1(grad V¯ ) + (grad V¯ )t A¯n−1 (1.2b)
where V¯ is the fluid velocity and d/dt denotes the material time derivative and is defined as
follows:
d( )
dt
= ∂( )
∂t
+ (V¯ .∇)( ). (1.3)
In studying fluid dynamics, it is assumed that the flows meet the Clausius–Duhem inequality
and that the specific Helmholtz free energy of fluid has a minimum at equilibrium, and therefore
from [13,14] we can write:
μ 0, R1  0, β1 = β2 = 0, β  0, |R1 + R2|
√
24μβ. (1.4)
Referring to [15], continuity and momentum equations can be written as
div V¯ = 0, (1.5)
dV¯
dt
= 1
ρ
div T¯ + 1
ρ
J¯ × B¯ (1.6)
where ρ, V¯ , J¯ , and B¯ are density, velocity, current density, and total magnetic field, respectively.
B¯ may be written as
B¯ = B¯0 + b¯ (1.7)
where B¯0 is the induced magnetic field due to the external current, and b¯ is the induced magnetic
field due to the induced current in the fluid. According to [16], b¯  B¯0, hence, b¯ can be neglected
comparing to B¯0, which leads to
B¯ ≈ B¯0. (1.8)
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appropriate for the problem are:
∇.B¯ = 0, ∇ × B¯ = μmJ¯ , ∇ × E¯ = −∂B¯
∂t
, (1.9)
J¯ = σ(E¯ + V¯ × B¯) (1.10)
where μm is the magnetic permeability, E¯ is the electric field and σ is the electrical conductivity
of the fluid.
Rossow [16] has made some physically reasonable assumptions for boundary layer flows as
follows:
(1) The magnetic field lines are perpendicular to velocity vectors.
(2) The magnetic permeability, μm, is constant all over the field.
(3) The electric field intensity is assumed to be negligible.
Based on these assumptions and Eqs. (1.8) and (1.10), one can write:
1
ρ
J¯ × B¯ = σ
ρ
(V¯ × B¯0) × B¯0. (1.11)
From the vector analysis it follows that
σ
ρ
(V¯ × B¯0) × B¯0 = −σ
ρ
[
V¯ (B¯0.B¯0) − B¯0(B¯0.V¯ )
]
. (1.12)
Regarding to the first assumption of Rossow [16], one can write:
1
ρ
J¯ × B¯ = −σ
ρ
B20 V¯ . (1.13)
2. Formulation of the problem
Consider the flow of a third-grade fluid, abiding by (1.1), maintained between concentric ro-
tating cylinders. Let the cylinders have radii r1, r2 and rotate with constant angular velocities Ω1
and Ω2, respectively. We also assume that the velocity field is just a function of cylinders’ radii.
Also the fluid density is assumed to be constant.
The first two Rivlin–Ericksen tensors, A¯1 and A¯2, for the flow field between concentric cylin-
ders are obtained from Eq. (1.2) as follows:
A¯1 =
[
0 ∂v
∂r
− v
r
∂v
∂r
− v
r
0
]
, A¯2 =
[
2 v
r
( v
r
− ∂v
∂r
) 0
0 2 ∂v
∂r
( v
r
− ∂v
∂r
)
]
(2.1)
where v is the circumferential velocity component.
From (1.1) and (2.1) we have
τrθ = μ
(
∂v
∂r
− v
r
)
+ 2β
(
∂v
∂r
− v
r
)3
. (2.2)
Simplifying the momentum equation in tangential direction regarding to (1.13), (2.1),
and (2.2) gives
μ
[
d2v
2 +
1 dv − v2
]
+ β
(
dv − v
)2[
6
d2v
2 −
2 dv + 2v2
]
= −σB20v. (2.3)dr r dr r dr r dr r dr r
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v¯ = v
r1Ω1
, r¯ = r
r1
, B1 = −σr
2
1B
2
0
μ
, ε = Ω21β/μ (2.4)
the dimensionless form of (2.3) is
d2v¯
dr¯2
+ 1
r¯
dv¯
dr¯
− v¯
r¯2
+ ε
(
dv¯
dr¯
− v¯
r¯
)2[
6
d2v¯
dr¯2
− 2
r¯
dv¯
dr¯
+ 2v¯
r¯2
]
= B1v¯. (2.5)
Having dropped the bar and introducing (2.6), we get Eq. (2.7):
dv
dr
− v
r
= ω, (2.6)
v′′ + 1
r
(
1 − 2εω2
1 + 6εω2
)
v′ − 1
r2
(
1 − 2εω2 + B1r2
1 + 6εω2
)
v = 0 (2.7)
with boundary conditions
v =
{1 at r = 1,
r2Ω2
r1Ω1
= v0 at r = r2r1 = R.
(2.8)
These boundary conditions can be written as the following generalized form:
v =
{
a at r = 1,
b at r = R. (2.9)
3. Existence of a solution
Theorem. There exists a classical solution to (2.7) with boundary conditions (2.9).
Proof. Let
u(r) = m(r − 1) + a, 1 r R, (3.1)
where
m = b − a
R − 1 . (3.2)
We define z as follows:
z(r) = v(r) − u(r). (3.3)
Hence,
z′(r) = v′(r) − m, z′′(r) = v′′(r). (3.4)
By substituting (3.3) and (3.4) in (2.7) we have
z′′ + 1
r
(
1 − 2εω2
1 + 6εω2
)
(z′ + m) − 1
r2
(
1 − 2εω2 + B1r2
1 + 6εω2
)
(z + u) = 0. (3.5)
And the corresponding boundary conditions are:
z(1) = 0, z(R) = 0. (3.6)
636 A. Feiz-Dizaji et al. / J. Math. Anal. Appl. 337 (2008) 632–645From (2.6) we have
ω = z′ + m − z + u
r
=
(
z′ − z
r
)
+
(
m − u
r
)
. (3.7)
Now, if we define
f (ω) = 1 − 2εω
2
1 + 6εω2 (3.8)
then (3.5) will become
z′′ + 1
r
f (ω)z′ − 1
r2
f (ω)z − B1z
1 + 6εω2 = g1(r) (3.9)
where
g1(r) = 1
r2
[
f (ω) + B1r
2
1 + 6εω2
]
u − 1
r
f (ω)m. (3.10)
Now if we let y = z
r
, we then obtain
(ry′)′ + [1 + f (ω)]y′ − B1ry
1 + 6εω2 = g1(r). (3.11)
And by simplification we have{
y′′ + 1
r
[
2 + f (ω)]y′ − B1y1+6εω2 = g(r),
y(1) = y(R) = 0 (3.12)
where
g(r) = g1(r)/r. (3.13)
Now we define a function k(r) as follows:
k(r) = − exp
(
−
r∫
1
1
η
[
2 + f (ω(η))]dη
)
×
r∫
1
B1y(η)
1 + 6εω2(η) exp
{ η∫
1
1
ξ
[
2 + f (ω(ξ))]dξ
}
dη. (3.14)
By introducing
p(r) = y′(r) − k(r) (3.15)
into Eq. (3.12), we get
p′(r) + 1
r
[
2 + f (ω)]p(r) − {k′(r) + 1
r
[
2 + f (ω)]k(r) + B1y
1 + 6εω2
}
= g(r). (3.16)
But by (3.14) we have
k′(r) + 1
r
[
2 + f (ω)]k(r) + B1y
1 + 6εω2 = 0. (3.17)
And from (3.16) and (3.17) we get
p′(r) + 1 [2 + f (ω)]p(r) = g(r). (3.18)
r
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p(r) = C0 exp
(
−
r∫
1
A(η)dη
)
+
r∫
1
g(η) exp
(
−
r∫
η
A(ξ) dξ
)
dη (3.19)
where
A(r) = 1
r
[
2 + f (ω)]. (3.20)
From (3.14), (3.15), (3.19), and (3.20) we can get
y′(r) = C0 exp
(
−
r∫
1
A(η)dη
)
+
r∫
1
g(η) exp
(
−
r∫
η
A(ξ) dξ
)
dη
− exp
(
−
r∫
1
A(η)dη
) r∫
1
B1y(η)
1 + 6εω2(η) exp
( η∫
1
A(ξ)dξ
)
dη (3.21)
where we considered
C0 = −C2
C1
, (3.22)
C1 =
R∫
1
exp
(
−
η∫
1
A(ξ)dξ
)
dη, (3.23)
C2 =
R∫
1
μ∫
1
g(η) exp
(
−
μ∫
η
A(ξ) dξ
)
dη dμ
−
R∫
1
exp
(
−
μ∫
1
A(η)dη
) μ∫
1
B1y(η)
1 + 6εω2(η) exp
( η∫
1
A(ξ)dξ
)
dη dμ. (3.24)
We also have
y(r) =
r∫
1
y′(η) dη. (3.25)
In order to show the existence of a solution to (2.7) it suffices to show the existence of a
solution to (3.21). We can do this by using the Schauder’s fixed point theorem for the mapping
T : S → S, where S is an appropriate subset of C, and C is the Banach space of continuous
functions ψ on the interval [1,R] which vanish at 1 and R with the norm
‖ψ‖ = sup
1rR
∣∣ψ(r)∣∣ (3.26)
where (T ψ)(r) is equal to the right-hand side of (3.21) with ω(r) of (3.7) replaced with
ω(r) = ry′ + (m − u/r) = rψ(r) + (m − u(r)/r). (3.27)
638 A. Feiz-Dizaji et al. / J. Math. Anal. Appl. 337 (2008) 632–645From (3.8) one can easily show that
−1
3
 f (ω) 1. (3.28)
Therefore, (3.20) and (3.28) lead to
5
3r
A(r) 3
r
. (3.29)
Also it can be assumed that∣∣f ′(ω)∣∣< γ (ω), −∞ < ω < ∞, (3.30)
where γ is a positive continuous function of ω.
From (3.10) and (3.13) we get
g(r) = 1
r3
f (ω)u + B1
1 + 6εω2
u
r
− 1
r2
f (ω)m =
(
u
r3
− m
r2
)
f (ω) + B1
1 + 6εω2
u
r
. (3.31)
Hence we have∣∣g(r)∣∣ [max(|a|, |b|)]+ B1|u|
∣∣∣∣ 11 + 6εω2
∣∣∣∣. (3.32)
Also it is clear that∣∣∣∣ 11 + 6εω2
∣∣∣∣ 1, |u|max(|a|, |b|). (3.33)
Consequently from (3.32) and (3.33) we can get∣∣g(r)∣∣ (1 + B1)max(|a|, |b|)= M1, (3.34)
thus ∣∣g(r)∣∣M1, (3.35)
and from (3.29) we get
ln
(
r
η
) 5
3

r∫
η
A(r) dr  ln
(
r
η
)3
. (3.36)
Regarding to 1 r R we have
lnη−
5
3 
r∫
η
A(r) dr  ln
(
R
η
)3
, (3.37)
hence
1 exp
( r∫
1
A(r) dr
)
R3 (3.38)
and (
η
R
)−3
 exp
(
−
r∫
A(r) dr
)
 η 53 . (3.39)η
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∣∣∣∣ |B1||y||1 + 6εω2|  |B1||y|. (3.40)
As y = z
r
, we get
|z|
R
 |y| |z|, (3.41)
|z| |v| + |u| = max(|a|, |b|)+ |v|. (3.42)
Now, we study the boundedness of V¯ . At first, we suppose that the magnetic field equals to zero;
thus, (3.21) becomes
y′1(r) = C0 exp
(
−
r∫
1
A(η)dη
)
+
r∫
1
g(η) exp
(
−
r∫
η
A(ξ) dξ
)
dη. (3.43)
From (3.35), (3.38), (3.39), and (3.43) we get
∣∣y′1∣∣ |C0| +
r∫
1
M1η
5
3 dη = |C0| + 3M17
(
R
7
3 − 1), (3.44)
|y1|
r∫
1
∣∣y′1(η)∣∣dη
r∫
1
[
|C0| + 3M17
(
R
7
3 − 1)]dη

[
|C0| + 3M17
(
R
7
3 − 1)](R − 1). (3.45)
And regarding to (3.41) we obtain
|z1|R|y1|. (3.46)
From (3.3) we see that
|v1| = |z1 + u1|
[
|C0| + 3M17
(
R
7
3 − 1)]R(R − 1) + max(|a|, |b|)= M2(C0). (3.47)
Now, if an element of the fluid is acted by a magnetic field, the maximum increment of the
energy due to the magnetic field will equal to the energy of the magnetic field, i.e.
1
2
m0
[
v2(r) − v21(r)
]
wB (3.48)
where wB is the energy of magnetic field in a cross section of the fluid flow, m0 is the fluid
element mass, and r is the distance between the element and the axis of the cylinders. The
magnetic field energy regarded to [17], with the assumption of constant induced magnetic field B ,
is
WB = 12HlBa (3.49)
where H is the magnetic field intensity and is defined as follows:
H = B . (3.50)
μm
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depth, in which these two parameters are obtained as follows:
l = 2π
(
r1 + r2
2
)
= π(r1 + r2), (3.51a)
a = (r2 − r1) × 1 = r2 − r1. (3.51b)
Therefore from (1.8) and (3.49) to (3.51) we get
WB = B
2
0
2μm
π
(
r22 − r21
)
. (3.52)
The magnetic field energy in a cross section of the fluid flow is
wB = WB2π =
B20
4μm
(
r22 − r21
)
. (3.53)
From (3.48) and (3.53) we see that
v2 
B20 r
2
1
2m0μm
(
R2 − 1)+ v21 . (3.54)
Thus,
|v|
[
B20 r
2
1
2m0μm
(
R2 − 1)+ M22 (C0)
] 1
2 = M3(C0). (3.55)
In this way from (3.41), (3.42), and (3.55) we get
|y|max(|a|, |b|)+ M3(C0). (3.56)
It follows from (3.40) and (3.56) that∣∣∣∣ B1y1 + 6εω2
∣∣∣∣ |B1|[max(|a|, |b|)+ M3(C0)]= M4(C0). (3.57)
From (3.34) and (3.39) we also have∣∣∣∣∣
r∫
1
g(η) exp
[
−
r∫
η
A(ξ) dξ
]
dη
∣∣∣∣∣
r∫
1
∣∣g(η)∣∣
∣∣∣∣∣exp
[
−
r∫
η
A(ξ) dξ
]∣∣∣∣∣dη

r∫
1
M1η
5
3 dη 3
7
M1
(
R
7
3 − 1)= M5. (3.58)
From (3.38) and (3.57) we see that∣∣∣∣∣
r∫
1
B1y(η)
1 + 6εω2(η) exp
( η∫
1
A(ξ)dξ
)
dη
∣∣∣∣∣
r∫
1
∣∣∣∣ B1y(η)1 + 6εω2(η)
∣∣∣∣ exp
( η∫
1
A(ξ)dξ
)
dη

r∫
1
M4(C0)R
3 dr M4(C0)R3(R − 1) = M6(C0). (3.59)
From (3.23) and (3.24), it is found that
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|C2|M5(R − 1) + M6(R − 1) = (M5 + M6)(R − 1). (3.61)
Therefore,
|C0| (M5 + M6)R3 (3.62)
where, regarding to (3.47), (3.55), (3.57), (3.59), and (3.62), we will have
|C0| |B1|
[
max(|a|, |b|) + B20 r212m0μm (R2 − 1) +
3M1
7 (R
7
3 − 1)R(R − 1)]R6(R − 1) + M5R3
1 − |B1|R7(R − 1)2
= M7. (3.63)
Therefore,∣∣(T ψ)(r)∣∣M8 (3.64)
where
M8 = M7 + M5 + M6. (3.65)
This means that, all the functions (T ψ) are uniformly bounded because M5, M6, and M7 are
independent of ψ . The mapping T can be considered from the Banach space C to S, where
S = {ψ ∈ C: ‖ψ‖M8}. (3.66)
And S is a closed convex subset of C.
Now we consider T :S → S, and investigate the derivative of (T ψ)(r):
(T ψ)′(r) = 2C0A(r) exp
(
−
r∫
1
A(η)dη
)
+ g(r) − A(r)(T ψ)(r) + B1y
1 + 6εω2
+
r∫
1
g(η) exp
(
−
r∫
η
A(ξ) dξ
)
dη. (3.67)
Thus, ∣∣(T ψ)′(r)∣∣ 6M7 + M1 + M4 + 3M8 + M5 = M9. (3.68)
Since M9 is independent of ψ , it leads to the fact that the set of the functions (T ψ), ψ ∈ S, is
equicontinuous. Consider the mapping T :S → Sc = T (S), where
Sc =
{
ψ ∈ C: ‖ψ‖M8, ‖ψ ′‖M9
} (3.69)
consists of equicontinuous and uniformly bounded functions. Then via the Ascoli–Arzela the-
orem it follows that Sc is a relatively compact subset of S. Now it suffices to show that
T :S → S is a continuous mapping to complete the proof. Regarded to the discussed notices
and ω = rψ(r) + (m − u
r
), and also based on the fact that∣∣f ′(ω)∣∣M10 (3.70)
where
M10 = max|ω|M11
∣∣γ (ω)∣∣ (3.71)
and
M11 = RM8 + |m| + max
(|a|, |b|). (3.72)
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M11) such that ‖ ∂T (ψ)∂ψ ‖M12. Consequently
‖T ψ1 − T ψ2‖M12‖ψ1 − ψ2‖. (3.73)
This means that T is a continuous mapping.
Therefore, the Schauder’s fixed point theorem can be used in this case, and this completes the
proof of the existence of at least one solution to (2.7). 
4. Numerical solution to the problem
Regarding to the previous sections of this paper, the existence of at least one solution to (2.7),
the governing equation of the fluid flow, accompanied by the boundary conditions (2.8) is proved.
In this section, Eq. (2.7) is solved using numerical finite difference method. As we are sure
that (2.7) has a solution, in the numerical case, the conditions of the solution existence are not
examined.
To validate the numerical method, nonmagnetic field case is resolved and the results were
compared to those of Vajravelu et al. [7] (Fig. 1), and a good agreement was observed (the
curves of two studies are perfectly coincided). Table 1 represents all the parameters which have
been used in producing Fig. 1. Comparison between velocity profiles I and II of Fig. 1 reveals
the difference between two cases, i.e. if all the parameters are the same except the velocity of the
outer cylinder; as in cases I and II, then the trend of the velocity changes is the same between
Fig. 1. Velocity profiles of the fluid in the annulus of rotary concentric cylinders.
Table 1
The problem parameters related to Fig. 1
Parameter I II III IV V VI
ε 0.1 0.1 0.1 5 50 50
v0 −1 0 1 1 1 3
A. Feiz-Dizaji et al. / J. Math. Anal. Appl. 337 (2008) 632–645 643(a)
(b)
Fig. 2. Velocity profiles of the fluid in the annulus of concentric cylinders for (a) Newtonian fluid, and (b) non-Newtonian
fluid.
two boundaries, but the velocity change rate in case I is stronger than that in case II. This is in
accordance with the physical considerations, because increment of the velocity ratio of cylinders
causes the fluid velocity of the annulus to increase.
Comparing the velocity profiles in the cases III, IV, and V which show the effect of the fluid
property, ε, it is obvious that it strongly affects the velocity profile. Increasing ε from 0.1 to
5 and then to 50, changes the velocity profile curvature so that the fluid velocity between two
cylinders increases. The interesting phenomenon is that when the value of the ε equals to 5,
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The problem parameters related to Fig. 2
Parameter I II III
Fig. 2(a) ε 0 0 0
B1 −0.3 0 0.3
Fig. 2(b) ε 0.1 0.1 0.1
B1 −0.3 0 0.3
the fluid velocity of the annulus is maintained rather constant and equals to the cylinders wall
velocities. This means that in this case the losses due to the viscous shear stress are very low.
Velocity profiles of Newtonian and non-Newtonian fluids are illustrated in Figs. 2(a) and 2(b),
respectively. Parameters used in obtaining velocity profiles of these figures are presented in Ta-
ble 2. It is remarkable that there is no important difference between the velocity profiles of the
Newtonian and non-Newtonian fluids. It shall be also noted that in all the cases presented in
Table 2, the velocities of the two boundaries are the same and equal to 1 and −1 in r1 = 1 and
r2 = 10, respectively.
5. Conclusion
In this paper the existence of solution to the governing equation of the fluid flow in the annulus
of rotary concentric cylinders was proved by means of Schauder’s fixed point theorem. After that,
the governing equation was numerically solved using finite difference method; and the effects of
the variation of different parameters, such as magnetic field intensity and fluid properties on the
velocity field were discussed.
References
[1] J.G. Oldroyd, On the formulation of rheological equations of state, Proc. Roy. Soc. Lond. Ser. A 200 (1950) 523–
541.
[2] C. Truesdell, W. Noll, The non-linear field theories of mechanics, in: W. Flugge (Ed.), Handbuch der Physik,
vol. III/3, Springer, Berlin, 1965.
[3] K.R. Rajagopal, Mechanics of non-Newtonian fluids, in: G.P. Galdi, J. Necas (Eds.), Recent Developments in The-
oretical Fluid Mechanics, in: Pitman Res. Notes in Math. Ser., vol. 291, Longman Scientific and Technical, New
York, 1993.
[4] R.S. Rivlin, J.L. Ericksen, Stress-deformation relations for isotropic materials, J. Rational Mech. Anal. 4 (1955)
323–425.
[5] K.R. Rajagopal, On the creeping flow of the second-order fluid, J. Non-Newtonian Fluid Mech. 15 (2) (1984) 239–
246.
[6] K.R. Rajagopal, P.N. Kaloni, Some remarks on boundary conditions for flow of fluids of the differential type, in:
B.C. Burnaby (Ed.), Continuum Mechanics and Its Applications, Hemisphere, New York, 1989.
[7] K. Vajravelu, J.R. Cannon, D. Rollins, J. Leto, On solutions of some non-linear differential equations arising in
third-grade fluid flows, Int. J. Eng. Sci. 40 (16) (2002) 1791–1805.
[8] T. Hayat, A.H. Kara, Couette flow of a third-grade fluid with variable magnetic field, Math. Comput. Modelling 43
(2006) 132–137.
[9] T. Hayat, N. Ali, Peristaltically induced motion of a MHD third-grade fluid in a deformable tube, Phys. A 370
(2006) 225–239.
[10] T. Hayat, A.H. Kara, A variational analysis of a non-Newtonian flow in a rotating system, Int. J. Comput. Fluid
Dyn. 20 (3–4) (2006) 157–162.
[11] T. Hayat, R. Ellahi, P.D. Ariel, S. Asghar, Homotopy solution for the channel flow of a third-grade fluid, Nonlinear
Dynam. 45 (1–2) (2006) 55–64.
A. Feiz-Dizaji et al. / J. Math. Anal. Appl. 337 (2008) 632–645 645[12] S. Asghar, M.R. Mohyuddin, P.D. Ariel, T. Hayat, On Stokes’ problem for the flow of a third-grade fluid induced
by a variable shear stress, Can. J. Phys. 84 (11) (2006) 945–958.
[13] J.E. Dunn, R.L. Fosdick, Thermodynamics, stability and boundedness of fluids of complexity 2 and fluids of second
grade, Arch. Ration. Mech. Anal. 56 (3) (1974) 191–252.
[14] R.L. Fosdick, K.R. Rajagopal, Thermodynamics and stability of fluids of third-grade, Proc. Roy. Soc. Lond. Ser.
A 339 (1980) 351–377.
[15] T. Hayat, Y. Wang, K. Hutter, Flow of a fourth grade fluid, Math. Models Methods Appl. Sci. 12 (6) (2002) 797–811.
[16] V.J. Rossow, On flow of electrically conducting fluids over a flat plate in the presence of a transverse magnetic field,
NASA report No. 1358, 1958, p. 489.
[17] W.H. Yeadon, A.W. Yeadon, Handbook of Small Electric Motors, McGraw–Hill Company, 2001.
